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Two-Dimensional Analysis of Transonic Gas-Particle Flows in

Axisymmetric Nozzles

JoserH F. REGAN,* H. DoyLE THOMPsON,T AND RicHARD F. HoGLuNnni
Purdue University, Lafayette, Ind.

A recently developed two-dimensional technique for the calculation of isentropic perfect
gas flowfields in axisymmetric nozzles of sharp wall curvature is used to provide initial values
for a two-phase transonic flowfield calculation. The governing equations for the two-phase
flow are expressed as finite-difference replacement equations that are solved by a numerical
relaxation technique. A particle-free region appears and grows along the nozzle walls; the
gas expansion in this region is regarded as isentropic to the predetermined local value of static
pressure. Calculated flowfields and particle trajectories are presented for two families of
nozzle contours and three particle sizes, and compared with the frequently employed constant-
fractional-lag-mixture (CFLM) assumption and with calculations® based on a combination

of the Sauer approximation to transoni¢ flows and the CFLM assumption. Appreciable dif-
ferences are found, especially in near-wall regions. The propagation of these differences
through the supersonic nozzle flow is demonstrated.
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particle drag coefficient

specific heat at constant pressure
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variable particle heat~-transfer factor
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Mach number

pressure

gas constant

Reynolds number

ratio of nozzle wall radius of curvature to throat radius
temperature

z-direction gas velocity component

y-direction gas velocity component

speed

axial coordinate along nozzle axis

radial coordinate measured from nozzle axis
isentropic exponent

streamline angle with respect to nozzle axis
viscosity coefficient

density per unit volume of gas-particle mixture
particle-to-gas mass flow ratio
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Subscripts§

g gas property
0 total condition
P particle property

Introduction

T now has been established both theoretically? and experi-
mentally? that neither one-dimensional calculatiqn tecl'l-
niques nor attempts to introduce two-dimensionality, via

§ Sub-subscript z or y denotes differentiation.
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series expansion or perturbations, give valid results for the
flowfield in the throat region of axisymmetric nozzles of rela-
tively sharp wall curvature. Rocket nozzles generally em-
ploy throat radii of ecurvature sufficiently small that realistic
transonic flowfield solutions cannot be generated by these
techniques, which fail to account for the influence of the up-
stream nozzle contour.

Recently, several two-dimensional techniques have been
developed for the analysis of the homentropic flow of perfect
gases in the throat region of nozzles with sharp wall curvature.
Two of these techniques!? are extensions of the method of
lines introduced by Freidrichs. They are inverse techniques
in the sense that they calculate a boundary (wall) contour for a
given axial velocity distribution, and depend on iterations and
experience-generated correlations for matching of the calcu-
lated boundary to the desired wall contour. Only one of these
programs?® is available to external users, having been de-
veloped under government contract. A third program,}
which involves the solution of hyperbolic time-dependent
equations, has not reached the point of development at which
it is available in operational form to external users.

Existing analyses of the flow of two-phase mixtures in the
throat regions of axisymmetric nozzles®.” rely heavily on one-
dimensional concepts, specifically, the constant-lag-mixture
assumption. The most widely used calculational program,
developed by Kliegel and Nickerson at TRW,® assumes (con-
sistently) the existence of both a linear velocity profile and
constant fractional lag in the throat region to give the gas
flowfield, which results in a parabolic sonic line. Just as in
the perfect gas case, these assumptions are inapplicable to
nozzles of sharp wall curvature; the accuracy of the constant-
fractional-lag approximation in two dimensions never has
been tested.

Current engineering problems, such as plume studies related
to infrared and optical signatures, electron generation, ex-
haust impingement, and nozzle impingement and heat transfer
have created an additional need for accurate, detailed
analyses of nozzle and plume flowfields. Particle trajectories
and temperatures are particularly important in several of
these problems. In a two-phase flow these properties are
both boundary and history dependent, and the local ac-
curacy of the subsonic and transonic flowfield affects directly
the accuracy of calculated properties in the downstream
supersonic flowfield.

The objective of the present study is to establish a method
for determining improved initial values for a two-phase super-
sonic flowfield calculation including the effects of both up-
stream history and flow boundaries. Using initial flowfield
data generated for the transonic flow of isentropic perfect
gases in axisymmetric nozzles, an iterative numerical tech-
nique is developed for the incorporation of two-phase flow
effects. This calculation technique is then used to investigate
the sensitivity of the local details of transonic gas-particle
flow to the coupled two-dimensional effects of nozzle shape
and particle size. Additional details and program listings are
available in Ref. 8.

Governing Equations

The conservation equations governing the steady, axisym-
metric flow of gas-particle mixtures are derived in Refs. 7 and
9. The assumptions involved in these derivations are the
following. 1) The total mass and total energy of the system
remain constant. 2) The gas is inviseid except for its iterac-
tions with the condensed particles. 3) The volume occupied
by the condensed particles is negligible. 4) The thermal
(Brownian) motion of the condensed particles is negligible.
5) The condensed particles do not interact. 6) The drag and
heat-transfer characteristics of an actual shape and size dis-
tribution of particles can be represented by spherical particles
of a single size. 7) The internal temperature of each con-
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densed particle is uniform. 8) Energy exchange between the
gas and the condensed particles occurs only by convection.
9) The only forces on the condensed particles are viscous drag
forces. 10) There is no mass transfer between the gas and
the condensed phase during the nozzle expansion. 11) The
gas phase is thermally and calorically perfect and the flow is
chemically frozen. 12) The particles do not undergo a phase
change in the region of the calculation.
Based on these assumptions, the following equations govern
the gas-particle flow®.”:
gas-phase and particle-phase continuity equations
Polloz + Pollyy + UsPo, + Voo, + P0/y = 0 1)
Pollps + Polp, + UsPp, + Vppp, + Potp/y = 0 ()
gas-phase axial and radial momentum equations
polugs, + vouis,] + Pop + Fpp(u, — up) = 0 3)
PolUgty. + va”ay] + Pay + Fpy(v, — v;) = 0 4)
gas-phase energy equation
UPo, + thﬂy — YRT [uop,, + vany] — Fp,(y — 1) X
[(wg — up)? 4+ (0, — 0)* + (G/FY(T, — T)] =0 (5)
particle-phase axial and radial momentum equations
Upllp, + Vplhpy, = F (U — Up), Up¥p, + Up¥p, = F (v, — v)  (6)
particle-phase energy equation

UpTp, + 0o, = —G(Tp — Ty)/cp, Q)
gas-phase equation of state
P, = p,RT, 8

The drag force and heat-transfer factors which appear in
these equations are defined as

F = 9u,fo/2myry? )]
G = 3u.g,cp,/mpPrry? (10)

where f, and g, are drag and heat-transfer factors, respec-
tively, which may be allowed to vary as a function of local
flowfield properties in accordance with an empirical relation-
ship or tabulated data. The spherical particle drag coeffi-
cient table and empirical formulas used in the TRW program®
also are used in the current investigation, so that results can
readily be compared. These relationships are

fo = Ca(1 + 2.520)/(1 + 3.780) (11)
g = Ca/(1 + 3.42C,C/v"°Pr) (12)
where
C= to/ pors(RT)V? (13)
and
Ci = Cu(Re) (14)

is found from tabulated data.
The local Reynolds number is based on the speed of the par-
ticle relative to the gas and is defined as

Re==2r,(W, — Wy)ps/ts (15)

where W, and W, are the gas and particle speeds.
The gas viscosity is a function of temperature

Bo = to[To/ T, 10% (16)

and Euken’s relationship is used to compute the Prandtl
number, which remains constant for a perfect gas at about
0.8

Pr=4vy/9y — 5 (17)

Computational Approach

There is no demonstrated mathematical method of 'solving
the foregoing set of mixed-type quasi-linear partial differen-
tial equations. Although the governing equations for two-
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phase flow are classed as nonlinear, the terms are no worse
than quasi-linear, and the equations are of first order. The
governing equations therefore can be rewritten in finite dif-
ference form as a set of linear algebraic equations when finite
difference analogs are used to approximate the first-order par-
tial derivatives. These algebraic equations are then used to
derive an equivalent set of algebraic replacement equations in
which a dependent variable is isolated on the left and its value
is determined numerically from the remainder of the formula
on the right of the equation. To obtain a solution for the
flowfield, an initial flowfield is assumed from which the right
side of the replacement equation can be evaluated. Then the
replacement equations are evaluated for the dependent vari-
ables at all grid points and boundary points. The newly
computed dependent variables are then used to update the
right side of the replacement equations in an iterative solu-
tion.

The basic computational technique is a modified Gauss-
Siedel®® method for which only a single dependent variable, or
a pair of dependent variables, in the case of velocity com-
ponents, is computed at each pass. The same technique is
then applied to the next dependent variable using the last
computed values of all other dependent variables.

The successful applications of such a relaxation method re-
quires tailoring of the method to the problem. Generally,
absolute convergence is not possible, and a decrease in the
change in all variables between successive iterations is con-
sidered equivalent to obtaining convergence. As a direct
consequence, the solution accuracy is sensitive to the accuracy
of the initial flow estimate. In formulating the relaxation
procedure, the governing equations for the parameters which
change most drastically are solved first.

The Initial Flowfield

A modified version of the Pratt and Whitney Subsonic-
Transonic Flow Analysis Computer program? is used to gen-
erate initial flowfield data based on an equilibrium gas-parti-
cle mixture (EGPM). The solution is converted to a dimen-
sional coordinate system comprised of streamlines, which are
equally spaced at the inlet, and constant axial increments. A
dimensional coordinate system is required for the relaxation
procedure since the local properties in the dissipative flowfield
are rate dependent and consequently position dependent.

The EGPM flowfield is calculated by regarding the two-
phase fluid as a heavy perfect gas with a modified isentropic
exponent (y) and modified molecular weight (77) based on the
over-all particle to gas-mass ratio ($)

m=m/l+ & F5=v1+ &)/1 4 v&. (18)
where
®, = ®Cp,/Chp, (19)

M, is the EGPM Mach number where the gas-phase Mach
number M, is unity
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Fig.2 Gas temperatures along streamlines.

The utility of this approach is that an approximate gas
phase flowfield can be extracted by retaining the EGPM pres-
sure, temperature, and velocity field values while using the gas
phase molecular weight and isentropic exponent to determine
M,. The result is a gas flowfield in which the gas-phase sonic
line is displaced downstream of the throat as oceurs in a real
dissipative flow.

Alternatively, a constant fractional-lag-mixture (CFLM)
assumption!! could be used to provide initial estimates of the
flowfield. The equivalent isentropic exponent for a CFLM is
always greater than that for an EGPM. The EGPM as-
sumption is used in the present calculations to demonstrate
convergence of the method for this case.

The Relaxation Procedure

In the relaxation procedure it is assumed that the static
pressure field and the locations of the gas streamlines'and gas
phase grid point coordinates are constant at the EGPM
values. It is also assumed that the gas velocity, density, and
pressure gradients in the replacement equations do not vary
from the EGPM values. The gas velocities, temperatures,
and densities themselves, except those at the inlet boundary
are allowed to vary to account for gas-particle interactions.
The limiting particle streamline constitutes a boundary be-
tween the continuous two-phase flow region in which the flow
is dissipative and the particle-free region in which the gas is
assumed to be strictly adiabatic (i.e., the entropy is constant
in each streamline but varies between streamlines).

To carry out the relaxation procedure, the governing dif-

M, =~yG+ DA+ 8)/30 + v) (20 ferential Eqs. (3-7) are written as replacement equations and
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Fig. 1 Flowfield iterations; 2-u particles.



APRIL 1971

® GAS STREAMLINE
18 X PARTICLE STREAMLINE

A GAS SONIC LINE

O EPGM SONIC LINE
Dp:=| ITER 3 Rsz2
MP shape Dp=3

ANALYSIS OF TRANSONIC GAS-PARTICLE FLOWS 349

ITER 3  Rs=}
MP shape Dp=2

il

—
* + »
M x D S W 3
6 20 24 28 X
'\ b) )
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take the following form:

— [Fppupg_ Py 1lpsvs, + Fpo] — Pglhgy [Foss — P,,]
[Py + Fpyllpstie, + Fps] — PolhgyPeVqs

@n

- [Fpou, — Pﬂy][pauﬂz + Fpy] — po [Fpsup, — Py,]
[Pavay + Fp,llpstte, + Fppl — PalhoyPgthyr

(22)
From Eq. (5),

- 'Y)PP{GTP + Fl(u, — up)® +
(ve — v5)?] + w, Py, + unPay} (23)

T, =
YR [uops, + vopo,] — Gop(y — 1)
From Eq. (6),
_ F{uu[p + vpy] - vaupy}
T ¥ wldlF + o) — g, Y
vp — F{vﬂ[F + up:c] - uﬂvpz} (25)

{[F + up l[F + vl-’y]} — Upylspy
The slope of a particle streamline can then be determined as

U _ UolF + Up,] — Uglp,

tand, = = 2
? Up  U[F + vp,] — VglUpy (26)
And from Eq. (7)
T,=T,— G/CPp[uprz + vITTZ’y] 27

Following the general guide that the properties which differ
most from the initial values should be calculated first, a re-
laxation procedure was developed consisting of the following
iterative sequence of operations.

1) Calculate the particle velocity components u, and v,
at the particle coordinate system grid points using Eqs. (24)
and (25). The first-order derivatives are computed from
initial flowfield values using numerical differentiation. The
grid point “marching order” used throughout the computer
program is to start at the known inlet boundary on the axis
streamline and to march down one streamline to the exit be-
fore moving outward to the origin of the next streamline and
repeating. Particle properties on the upstream boundary
are allowed to vary.

2) Integrate the particle trajectories through the flowfield
to determine new particle streamlines and coordinate system.
Particle trajectories are integrated one at a time through the
particle velocity field using the u,, v,, and tand, values calcu-
lated from Eqs. (24-26). The outermost particle streamline

constitutes a boundary between the two-phase and particle-
free regions.

3) Calculate particle density (p,) at particle grid points.
The particle density calculation satisfies the particle continu-
ity Eq. (2).

4) Interpolate to find particle properties on gas coordinate
system and gas properties on particle coordinate system.

5) Calculate particle temperature (T,) at particle grid
points using Eq. (27).

6) Recalculate particle trajectories and particle densities
and reinterpolate. This step is an interation of steps 3, 4, and
5.

7) Caleculate the gas veloeity components «, and v, and
the gas temperature T, at the gas phase coordinate system
grid points using Eqgs. (21-23).

8) Calculate the gas velocity components, the gas tem-
perature, and the gas density at the grid points in the particle-
free region. The gas phase total pressure P,, and total tem-
perature 7', are calculated for each gas streamline at the point
of its intersection with the limiting particle streamline.
These quantities remain constant along gas streamlines in the
particle-free region. When taken together with an assumed
invariance of the gas static pressure and streamline locations
in the particle-free region, this permits the gas velocity com-
ponents, temperature, and density to be computed from isen-
tropic relationships.

9) Calculate the gas density p, at gas phase coordinate
system grid points in the two-phase regions. The gas density
calculation satisfies the gas phase continuity Eq. (1).

10) Interpolate to find gas properties at all particle co-
ordinate system grid points.

11) Determine the location of and local properties on a
specified constant Mach number line or any specified initial
value line.

12) Integrate particle and gas mass flows to independently
verify that the gas and particle continuity Eqgs. (1) and (2)
have been satisfied. This step terminates one iteration of the
relaxation process which becomes cyclic after the first itera-
tion.

Results

The particle size distribution and the nozzle shape are two
important parameters that affect the degree of two-dimen-
sional nonequilibrium effects in gas-particle flows. The
effects of other parameters, such as pressure level, total tem-
perature, particle loading, and transport property values, have
been studied previously. Therefore, the effects of nozzle
shape and particle size were of primary concern in the present
study.

Two families of nozzle shapes, the circular arc (CA) and a
modified probability curve (MP), were investigated. All
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Fig. 4 Total pressures and gas Mach numbers along
streamlines.

calculations were made for a nominal throat radius of 0.1 ft.
For the circular arc contour, two values of wall curvature were
investigated, 0.1 ft and 0.2 ft. These two values correspond
to radius ratios (wall curvature radius/throat radius) of one
and two. The radius ratio of one is significant since existing
transonic solution techniques cannot handle this case. The
solutions at a radius ratio of two provide results for compari-
son with other solution methods. Three grid size configura-
tions were investigated to evaluate the sensitivity of the
numerical methods to grid point spacing and distribution.
Three typical particle sizes—1-, 2-, and 3-u diam—were
selected for investigation and comparison. This range of
particle sizes includes the nominal size distributions expected
in the transonic region of propulsion nozzles for contem-
porary solid propellant rockets. The reference combustion
chamber equilibrium conditions were selected to duplicate
those used in Ref. 6 so that output data could be compared
most readily.

Successive iterations of the flowfield in the MP nozzle for a
flow containing 2-u diam particles (particle-to-gas mass flow
rate of 0.4) are shown in Fig. 1. An 1l-axial station, 16
streamline grid was employed. Comparison of the third
iteration with the zeroth iteration (EGPM) shows that the
EGPM assumption gives the sonic line location on the axis
quite well, but provides a very poor estimate of sonic line
location near the wall. This, of course, is because the parti-
cles depart from the gas streamlines (and the wall) in the
region where the nozzle throat curvature becomes significant,
leaving a particle-free region adjacent to the wall.

The effect of the adiabatic nature of the gas expansion in
the particle-free region is illustrated in Fig. 2, where it is seen
that gas temperatures along near-wall streamlines can differ
by as much as 209 from the values calculated with the
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Table 1 Fractional velocity and temperature lag ratios

_ Upfug To— Ty/T, = T,
Streamline Streamline
Grid plane 1 11 1 11
1 0.95 0.93 0.91 0.86
2 0.93 0.92 0.87 0.86
3 0.92 0.91 0.86 0.84
4 0.92 0.90 0.85 0.83
5 0.91 0.89 0.81 0.81
6 0.91 0.89 0.81 0.81
7 0.90 0.88 0.81 0.78
8 0.90 0.88 0.81 0.78
9 0.90 0.89 0.80 0.79
10 0.89 0.88 0.77 0.80
11 0.87 0.89 0.74 0.82

EGPM assumption. Since as much as 209, of the total mass
flow passes through the particle-free region at the sonic line,
these departures from the results of the EGPM (or CFLM)
assumptions are significant.

The effects of different particle sizes are shown in Figs. 3a
and 3b, which illustrate calculations for the same nozzle and
mass flow rate considered above but with the particle size
changed to 1-u and 3-u diam, respectively. Both the magni-
tude of nonequilibrium effects and the gradients (e.g., along
the sonic line) increase as the particle size increases. Not sur-
prisingly, the sonic line location is affected most strongly by
two-dimensional effects in the 3-u particle case. The “bulge”
in the sonic line location near the outer part of the two-phase
region (Fig. 3b) occurs because two-dimensional particle
channeling is not uniform across the nozzle. The distances
between particle streamlines near the limiting streamline are
reduced more, relative to the distances between gas stream-
lines, than is the case for particle streamlines near the axis.
The particle density thus is increased in the two-phase region
near the limiting streamline, causing an increase in the local
gas temperature (as much as 100°R at the sonic line; 200°R
at the last grid point). The local increase in gas temperature
raises the sonic speed. In addition, the increased drag of the
particles on the gas in this region lowers the gas veloeity.
These two effects combine to shift the local sonic line location
downstream.

Similar increases in both two-dimensional and nonequilib-
rium effects occur when the nozzle wall radius of curvature is
decreased, as shown in Fig. 3¢, for a 2-u particle flow in a
nozzle with a wall-to-thorat radius ratio of unity. A decrease
in radius ratio from two to one substantially increases the size
of the particle-free region and causes approximately a 25%
increase in velocity lags at the sonic line along with a corre-
sponding 68% increase in temperature lag (referenced to the
no-lag values). Changes in the type of nozzle contour (M.P
to CA) caused much smaller effects (typically, +% changes. mn
sonic line properties), substantiating the common assumption
that the throat radius of curvature is the most important
nozzle contour variable.

Typical plots of Mach number and total pressure proﬁlqs
are shown in Fig. 4. Notice the growing total pressure “anti-

Table 2 Comparative initial value line data, D, = 2u

TRW program Present calculation
Location Axis LSL Wall Axis LSL Wall
z, ft 0.2592 0.2296 0.2250 0.2592 0.2299 0.2250
v, ft 0.0 0.0945 0.1016 0.0 0.0930 0.1016
P, psi 414 380 373 395 363 349
U, fps 4534 4702 4742 4694 5070 5776
vg, fps 0.0 55.2 0.0 57.6 67.1
pp, lbm/ft? 0.0627 0.0636 0.0642 0.0668 S
Up, fps 4074 4118 4112 4385
vy, fps 0.0 14.7 0.0 21.0
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Table 3 Comparative data at nozzle exit characteristics, D, = 2u
TRW transonic program Present transonic program
Location Axis LSL Wall Axis LSL Wall
z, ft 1.449 2.597 2.727 1.424 2.537 2.726
y, Tt 0.0 0.5631 0.6326 0.0 0.5430 0.6325
B 2.576 3.853 4.270 2.573 3.936 4.476
T, °R 3286 2037 1791 3279 2008 1705
Ty °R 3879 2433 . 3863 2375 e
W, fps 8656 10255 8624 10410
0p, deg 0.0 11.33 0.0 11.20
I, seC 317.67 322.48

boundary layer” or region of reduced dissipation near the
wall, corresponding to the growth of the particle-free region.

Typical fractional lags determined by the present calcula-
tion method are given in Table 1 for the MP nozzle, radius
ratio 2, 2-p particle case. Although the fractional lag values
vary by as much as +10% from the mean, the values on the
axis at the nozzle minimum area section (streamline 1 at grid
plane 7) are fairly representative of the mean.

Since the objective of this study was to provide improved
values of downstream nozzle and plume flow properties, a com-
parisen was made with results obtained from the Kliegel-
Nickerson program.® Calculated properties were compared
at a slightly supersonic initial value line (Table 2) and also at
the exit of a 40:1 expansion ratio nozzle (Table 3). Super-
sonic flowfield computations for both cases were accomplished
with the TRW program.® Identical nozzles and inputs were
used; the initial value lines were located at the same wall and
axis locations, although the locations of intermediate data
points differed slightly because of the different line shapes.

It is'seen that appreciable differences are obtained from the
two calculation techniques, especially in near-wall regions.
The main difference in the two flow models is that in the
present model all dissipation occurs in the two-phase region
of the flow, whereas in the calculation technique of Kliegel-
Nickerson® the effects of dissipation implicitly are spread
throughout the flow. Although performance calculations
were not an objective of this investigation, it is interesting to
note that the predicted specific impulse is about 1.5%, higher
in the present caleulation (and 0.89 higher for 1-u particles;
2.2% higher for 3-u particles).

Typical computing time for a five-iteration solution of an
11 X 16 array is 1 min on the CDC 6500 computer. The
first iteration typically gives gas phase properties within 19
of their final values and particle phase properties within 19
of the third-iteration values. Little improvement is found
beyond the third iteration. After a sufficient number of
iterations, depending upon the degree of departure of the two-
phase flowfield from the EGPM initial conditions, some
property values become locally erratic. Fluctuating property
values appear first at the nozzle exit, particularly in the vicin-
ity of the limiting particle streamline, This behavior indi-
cates that the numerical method of solution and the computer
program itself have limitations associated with numerical
accuracy and stability. The degree of nonequilibrium in the
flowfield is the primary factor controlling the behavior of the
solutions and the capability to obtain satisfactory conver-
gence. At the present time, the case of 3-u particles flowing
in a radius ratio one nozzle of the nominal size considered here
represents the amount of nonequilibrium that can be handled
comfortably. A number of suggestions given in Ref. 8
should improve this limitation if necessary.

Conclusions

1) The gas-particle flow model and analytical method de-
veloped here provide an improved analysis of transonic two-~
phase nozzle flows. The coupled two-dimensional effects of

particle size, nozzle radius ratio, details of the nozzle contour,
and other parameters on the local behavior of gas-particle
flowfields can be determined with this method.

2) The distribution of thermodynamic properties for the
gas and particle phases throughout a two-phase flowfield de-
pends primarily on particle size, secondarily on nozzle radius
ratio and, to a lesser extent, on the details of the throat con-
tour.

3) Calculations with the present method indicate that the
assumption that the local gas phase properties are inde-
pendent of two-dimensional particle behavior does not ade-
quately represent the gas properties near the nozzle wall
where two-dimensional effects are most significant.

4) The calculated downstream properties of a two-phase
flow through a nozzle are sensitive to initial value line data.
The major difference between the present calculations and
previously developed techniques occurs because the effects of
dissipation are concentrated in the two-phase region of the
flow rather than distributed throughout the flowfield.
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